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EXAMPLES OF P.D.F.'s OF SUMS AND PRODUCTS

Surmaxry

In this note the calculations of the probability density functions (p.d.f.'s) of
the sums and products of random variables are demonstrated. The random variables are
selected pair-wise from four variables whose probability density functions are shown

below:

p(x) 0 X < =1
1
1+x -l<x< O
p(x) =
1-x 0<x < 1
L0 1 x ) x> 1 .
(b) Gaussian
(x) -£
p(x
p(x) = 2-e 2 .
J2n
0 X
(c) Rectangular
0 x <-1
p(x) L
% p(x) = 5 ~l<x <1
1 0 1 X 0 x >1 .
(d) Sinusoidal
p(x) 0 X< -1
(x) 1_1 “-l<x <1
pP\x) = n
Vv l--x2
-1 0 1 x ] x>1 .
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There are altogether 10 different pairs for the sums and the same number of pairs for

the products. They are listed according to the following scheme:

a b c d
e 1 5 6 7
b 2 8 9
c 3 10
d i

It is evident that the blank spaces represent pairs which are merely repetitions of the
10 basic pairs.

In sections I and II the p.d.f.'s are calculated respectively for the sums and
products of the palrs of variables which are considered statistically independent. Then
in section III, pair 2 (i.e., the gaussian-gaussian combination) is treated for the case
when the two gaussian variables are dependent, as expressed by their covariance matrix.
In section 1V, pair 4 is treated for the case when the two sinusoidal variables are
dependent.

With the exception of one case, all results are expressed in terms of tabulated
functions. The formulae, the tables and the graphs of the p.d.f.'s are given for all
these cases.

I. SUM OF TWO INDEPENDENT VARIABLES

Let x and y be two independent random variables and s be their sum. The p.d.f.'s
of x, ¥, and s are represented by p;(x), pe(y) and p(s) respectively. The joint p.d.f.

of x and y is given by

Wa(x, ¥) = py(x) pa(y) . (1-1)

N |



It is evident from the figure that:

X+y>8

x+y.s
x+y<8 Wb\

' [e o} S-x
a Wolx, y) dy ax
- p(s) ds f_oo f_oo o(x, ¥) dy

oo S-x '
=f f py(x) pp(y) ay ax . (1-2)
-00 VY -00 ‘

r

Differentiating both sides with respect to S:

26) = [ uylx, 5ux) ax (1-3a)
-ao

- [ 560 pytem) ax (1-3)
-ao

Equation (I-3a) applies to the general case when x and y may or may not be dependent
while equation (I-3b) applies only to the case where x and Yy are independent. The
integral operation in (I-3b) is called the convolution of pl(x) and pa(y).

Using either (I-3a) or (I-3b), the 10 cases for the sums cited in the summary have
been evaluated and the results of the evaluation are listed on the next page. Since

the p.d.f.'s are all even functions of s, only the values for s > O are considered.
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p(s)
[3s3 - 682 + h]

[-53 + 682 - 128 + 8]

(1 «(/a-parD)

where K is the complete elliptic integral
of the first kind.

[ (s+1) #~L (s+1) -2 ¢~1 (s) + (s-1) g1 (s-1)

g , .1
+J§ [e- ?<e 2 cosh s-l)] )

vhere ¢! 1s the error integral.

0

Al O I+ &=

Al

(2-82)

(82 -~ bg + L)

{(s+l) cos™l s + (1-8) [sin'l s + sin~l (l-a)]
+ Vos-g2 -2 Vl-sé }
{(l-s) cos™t (s-1) + ~/23-sE }

|
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No. Sum of p(s)
8. be+c %[fl (s+1) - g1 (3-1)]
x2
1 - X
9. b+a 1 f°+e2_1____dx
s~ ﬂg' s-1 A/1-(8-x)2

L cosl (s-1)
10. c+d 2n

The graphs of these p.d.f.'s are shown as Figs. 1-10. With the exception of case 9,

0 <8 <2

8 »2

all graphs were obtained from tabulated functions. Case 9 was obtained by direct

computation® using IBM Computer 1620.

e -
2.0 -1l.6 -l.2 -.8 -ob 0 L .8 1.2
8

Fig. 1. P.D.F. of 8 = x + y, x and y independent ,
x = triangular variate, y = triangular variate,

*W.H. Lob helped in programing this computation.

1.6

2.0

e o kM
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p(s) s
1.2
$.1
- N . . . ) ; . . .
-2.0 -l.6 -1.2 ~-.8 -.b 0 A .8 1.2 1.6 2.0
Fig. 2. P.D.F. of 8 = x + y,sx and y independent,

x = gaussian variate, y = gaussian variate.

n A

A .8 1.2 1.6 2.0

-2.0 -1l.6 -1.2 -.8 -k

wn o

Fig. 3. P.D.F. of s = x + ¥, x and y independent,
x = rectangular variate, y = rectangular variate.

-2.0 -1.6 =-1.p -.8 -4 0 o .8 1.2 1.6 2.0

Fig. k. P.D.F. of s = x + ¥, x and y independent,
x = sinusoidal variate, y = sinusoidal variate.



p(s)

b

Fig. 5. P.D.F. of 8 = x + ¥, x and y independent,
X = trlangular variate, y = gaussian variate.

Fig. 6. P.D.F. of 8 = x + ¥y, x and y independent,
x = triangular variate, y = rectangular variate.

-1-6 ‘102

Fig. 7. P.D.F. of 8 = x + ¥, x and y independent,
x = triangular variate, y = sinusoidal variate.
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p(s)

Fig. 8. P.D.F. of 8 = x + ¥y, x and y independent,
X = gaussian variate, y = rectangular variate.

[

-2.0 -1.6 -1.2 -.8 -.h 0 4 .8 1.2 1.6 2.0

4 " A A 4 h A I

Fig. 9. P.D.F. of 8 m x + y, x and y independent,
x = gaussian variate, y = sinusoidal variate.

Fig. 10. P.D.F. of 8 = x + ¥, x and ¥y independent,
x = rectangular variate, y = sinusoidal variate,
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II. PRODUCT OF TWO INDEPENDENT VARIABLES

Let x and y be two independent random variables and z be their product. The p.d.f.

ey

of x, y and z are represented by pl(x), pa(y) and p(z) respectively. The joint p.d.f.

of x and y is given by

Wa(x, y) = py(x) ppo(y) - (11-1)

It is evident from the figure that for Z >0

X
A [o} Z
[ aeaf” [Fue, v v ax
0 o Jo
oo pi
= 2f fx Py (x) pp(y) ay ax . (11-2)
o Yo
Differentiating both sides with respect to Z, ;
b Zy 1 3
p(z) = 2 o Wa(x, 3) z ax (II-3a) 2
00 1 ‘7
S RENCEAS IE T (11-3) 3

Equations (II-3b) applies only to the case where x and y are independent while (II-3a)

is not so restricted.



sumnary have been evaluated and the results of the evaluation are listed below.

Using either (1I-3a) or (II-3b), the 10 cases for the products cited in the

Again,

since the p.d.f.'s are even functions of z, only positive values of z are considered.

No.

l.

Product of

aXa

b XDb

cXe

d Xd

axXb

b Xec

—p(z)
J’z [(l+z) Ini- 2(1-2)]
L0
(1
21 1,(1) (12)

vhere Hy(1) 1s the Hankel's function
L of zero order.

ini

o i
[

(1 2
"—Z-K(lz)

J vhere K is the complete elliptic integral
of the first kind.

o

r 2

L gt < z—> - §°(z) + 2z [% - ¢‘1(z)]
o F

vhere Ei is the exponential integral, @° the
| gaussien p.d.f., end $-1 18 the error integral.

in L - (1-2)
Z
0

o (f9) 3]

2=n(%)

O AN

10

>1

>1

<1

>1

<1l

>1



No. Product of p(z)

HOIGC)

9. bXad
vhere Ho(l) 1s the Hankel's function of
zero order.
2
-i-ln[l"' l-z] 0<z<«l
10. exd z
0 z>1
The graphs of these 10 p.d.f.'s are shown as Figs. 11-20.
p(z)
-2.0 -1.6 -1.2 -.8 -.h 0 b .8 1.2 1.6 2.0
Fig. 1ll1. P.D.F. of z = Xy, x and y independent,

x = triangular variate, y = triangular variate.

p(z)

-200 -106 -102 -08 -oh

Fig. 12. P.D.F. of z = xy, x and y independent,
x = gaussian variate, y = gaussian variate.
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1.2

p(z)

!
X
!

-2.0 -1.6 1.2 -.8 - b 0 A .8 1.2 1.6 2.0

Z
Fiso 13- P.D.F. Of 2 = Xy, x and Yy 1memmnt,

x = vectangular variate, y = rectangular variate.

A A 4 - S S PR
-2.0 -1.6 -1.2 -.8 -4 0 b .8 1.2 1.6 2.0
Z
Fig. 14. P.D.F. of z = xy, x and y independent,

x = sinusoidal variate, y = sinusolidal variate.

p(z)

[ A e I A

-2.0 -L.6 -1..2 -.8 -ub 0 L .8 1.2 1.6 2.0
2
Fig. 15. P.D.F. of z = xy, x and y independent,

x = triangular variate, y = gaussian variate.
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1.8
p(z)
Tu
L 1 4 i ——l. 1 N 3
-2.0 -1.6 -1.2 -.8 -k 0 b .8 1.2 1.6 2.0
z
Fig. 16. P.D.F. of z = xy, x and y independent,

X = triangular variate, y = rectangular variate.

L

+.8
p(z)
+. 14
A A L 1 i i 4 L L J
-2,.0 -l.6 -1l.2 -.8 -b 0 N .8 1.2 1.6 2.0
z
Fig. 17. P.D.F. of 2z = xy, x and y independent,
x = triangular variate, y = sinusoidal variate.
171.2
T.B
p(z)
+.4
[ A i 1 1 1 L '
-2.0 -1..6 -l.2 -.8 -k 0 o4 .8 1.2 1.6 2.0
z
Fig. 18. P.D.F. of z = xy, x and y independent

x = gaussian variate, y = rectangular variate

13




p(Z)l
.6
JOI"'
42
4 e 2 v 4 i 2
-2.0 -1.6 -l.2 -.8 -k 0 .4 8 1.2 1.6 2.0
z
Fig. 19. P.D.F. of z = xy, x and y independent,
X = gaussian variate, y = sinusoidal variate.
p(z)
1 A ' ] 4 . |
1.6 2.0

Fig. 20. P.D.F. of z = xy, x and y independent,
x = rectangular variate, y = sinusoidal variate.
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The first four p.d.f.'s of z are plotted in the same sheet, Fig. 21. For a more
rational comparison, the variances of the four original p.d.f.'s of x have all been
normalized to unity. In so doing, the scale for the gaussian variable is kept the
same while the ranges of the triangular, rectangular and sinusoidal variables are
extended from (-1, 1) to (-vB,v8), (-3, +3), and (-+2,v2) respectively.

2.0
p(z)

106

-2.0 -1.6 -1.2 -.8

Fig. 21. P.D.F.'s of Products of
(8) — — — — Two independent gaussian variates
(v)
(¢) -~=—— - ——- Two independent rectangular variates
(a)
Normalized variance = 1

Two independent triangular variates

Two independent sinusoidal variates

15
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III. SUM AND PRODUCT OF TWO DEPENDENT GAUSSIAN VARIABLES
ILet x and y be two dependent gaussian variebles whose joint p.d.f. is
S, ¥)

Wa(x, y)-l._l_e 2

" Vv

vhere the covariance matrix is
L
(o) = |, 1] !

its determinant is
|b| = 1‘92 ’
and the quadratic form 1is

clx, y) = T%ﬁ [x2 - 2pxy + yz] .

(111-1)

(111-2)

(111-3)

(11I-1)

It is required in this section to find the p.d.f.'s of the sum s = x + y and of the

product z = xy.
Sum

First, we detemine p(s). From equation (I-3a) and (III-1)
00
p(s) -f Wo(x, s-x) dx
-00

1

on A-p2

Completing the square in the exponent and simplifying

1 (x2 - - Y-
foo ey [x2 - 2px(z-x) + (z-x)°)
-Q0

.22 - (x-2)2

pls) « —1 ¢ h(l-rp)fw e 1P 2" ax
2x~/l-p§ ~00

(x - 3)?

22

M ——r—i——— e

1 ) -2—(1—?—)“].

v2x v2(14p) ‘é;ﬁ_;—g -®
2

16
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The last factor in the bracket is equal to unity, therefore

.22 .22
p(s) = 1 e 2:2(14p) 1, 202
V2n /2(140) Vor o
where
@@ = 2(1+p)

is the variance of s.

(111-5)

Figure 22 shows p(s) for four values of the correlation coefficient p (here p is

numerically equal to the covariance of x and y). When p = -1 the variables x and y

are entirely dependent and in fact ¥y = -x with probability one. Therefore, p(s) is a

delta function at s = 0. When p = O, the variables x and y are independent*. This

particular p(s) 1s the same as the case 2 of section I, where the variance of s is 2.

When p = 1, the variables x and y are again entirely dependent but this time y = x with

probability one. Therefore p(s), while still gaussian in shape, has 0 = 2 and variance

02 = b, p = -1

A " i b " i n -l

-1.2 -.8 -k 0 oA .8 1.2 1.6 2.0

Fig. 22. P.D.F. of the Sum of 2 Dependent Gaussian Variates.

*Note that it is a property of gaussian variables that zero correlation implies
independence of variables and vice versa.

17



Product

Next, we determine p(z). From equations (II-3a) and (III-1), we have, for z > O

2) = 2 [ walx, 2) & ax

el (2 - 202+ 22y
e [ 2 SN
o2 0 *
z - 1 24,2
- —i_ eﬁ%zfme 2(1-%) e x2) L1 ax
~Mo? 0 g
2 s G )]
L1 el-pafme 02 b \g V102 x2 Loy
oo 0 =
Let
— X _ .e? .
V2 02
Then the p.d.f. becomes
pz_ o Z__ cosh 29
p(z) = L _ el-pef e 1-02 ae
- -
Z
-l eﬁ—"z [1 g1 (1 dzL ] . (1I1-6)
2o 12

The last step 18 given on p. 479, Courant-Hilbert, "Methods of Mathematical Physics",
volume I. Ho(l) is the Hankel's function, zero order, first kind, with imaginary
argument. It 1s tabulated on pp. 236-242, Jshnke and Emde, "Table of Functions", 4th
edition. A similar integral was evaluated by this method in case 2 of section II.

For z < 0 it can be shown that the formula for p(z) remeins almost the same except
for a change in the sign of the argument of the function Bo(l). Therefore,

2
p(z) = —L— el-p? [1 g, (1) (1 Az ] . (111-7)
2ho? 1-62

18
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Figure 23 shows p(z) for three values of p. Whenp = 1, z = x2, and p(z) is

reduced to the simpler expression derivable by a more direct method,

o] z2<0
p(z) = p(x3) = . (111-8)
/2% e 2 z>0 .
When
p=-l, z=m-x2 |,
and
1 e+ % z2<0
Je2nz
p(z) = p(-x?) = (111-9)
0 z>0 .

Fig. 23. P.D.F. of the Product of 2 Dependent Gaussian Variates.

19
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When p = 0, x and y are independent. The p(z) corresponding to this particular case

is the same as the case 2 of section II, namely

p(z) = % [i (L) (iz)] . (111-10)

Iv. SUM AND PRODUCT OF TWO DEPENDENT INVERSE-SINUSOIDAL VARIABLES

For the variables other than gaussian, there is no longer & one-to-one relation
between statistical dependence and correlation. While it is true that independent
variables are not correlated, zero {linear) correlation does not always insure
independence. In other words, the covariance matrix of two non-gaussian variables
does not specify uniquely the joint p.d.f.

In order to demonstrate the calculation of p.d.f.'s of the sum and product of
two dependent sinusoidal variables, it is desirable to select a suitable dependence
condition so that the joint p.d.f. will resemble to a certain degree that of the
gaussian variables. It is well known that the constant-level contours of the joint
p.d.f. of two gaussian variables are ellipses. In the following example, the
boundary of the joint p.d.f. of two inverse-sinusoidal variasbles is also an ellipse.

Let 6 and @ be two independent random varisbles whose p.d.f.'s p;(6) and py(a)
are both assumed to be rectangular and centered about zero. However, the range of €
is assumed to be (-n, %) while that of & is (-A, &) where |Al <. Although 8 and @
are independent, the derived variables x = sin 6 and y = sin (8 + Q) will be
statistically dependent. We shall evaluate the p.d.f.'s of the sum s = x + y and the
product z = xy. But first, it is required to derive the expression for the Joint

p.d.f. Wa(x, y).



It is given that
*
p1(8) = L rect ( %) (1v-1)
po(@) = i rect ( 2%) . (1v-2)

The joint p.d.f. of 6 and Q is

Wa(6, @) = py(6) pola) = 'ai? rect ( %) rect ( %) . (Iv-3)

By the standerd technique of change of variables, the joint p.d.f. of (x, y) is given

by

Wo(x, y) = Wp(6, a) :11_ (Iv-4)

where J is the Jacobian of the transformation, given as follows

ox oy cos 6 cos(8 + )
o9 36
X, ¥\ _ - =
J<9’ o) = = = cos 0 cos(6 + a)
ox oy 0 cos(6 + a)
da
=v1-x2 Vl-yz . (Iv-5)
o p<-2X
4
*The function mct(g>= 1 -3¢0 < 2
x 2 2
0 6 > I ,
2

It can be shown that due to periodicity of the sine function, the results of assuming

1 e 21 (2]
either p,(0) = 2 rect < ’-‘-) or p;(0) = = rect ( -27) will be the same.

21



Substituting (IV-3) and (IV-5) into (IV-l), we get

Wa(x, y) --&-mct(ﬁ&#)mct(lﬁ%ﬂﬁ)_l_ . (1Iv-6)
V132 V1.2

The general outlines of Wp(@, 6 + @) and Wa(x, y) in their respective planes are shown
in Fig. 24. The altitude of Wx(6, 6 + Q) is constant over the central area within the
boundaries, but is doubled over the shaded portions at two corners due to the repetition
property of sin(6 + Q) when 6 + & >% - The function Ws(x, y) is not constant, but is
contained within the ellipse. Over the shaded area at two corners the function is

doubly folded for the above mentioned reason.

[ PP
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(a) Outlines of Wy(6, 6 + @),
6 and @ are independent.

y = 8in(6 + Q)
1.0

Y=8-X

_——

-1.0

(b) Outlines of Wy(x, y), x = 8in 6, y = sin (6 + ).
Fig- 2“0

23
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Now we may proceed to derive the p.d.f. of the sum p(s). With the help of Fig. 2L

it is evidant that

1
p(s) -f L Wo(x, y = 8-x) dx
s-

=1 fl rect ( M) rect( sin~1(s-x) - sin-Ix ) 1 ax .
oo Tend i 2 V1-x2 V1-(8-x)2
(1v-7)

Within the upper and lower integration limit of x, the function

-1
rect < 11—";—*) =1 . (1v-8)

However, in the same range

(o] 8~1 < x € x3

-1/, - =1
mwk(sin (s-x) - sin x)= 1 % < x <X

2 1 2
o] Xy < % , (1v-9)
where x;, and x, are the roots of the equation
sin"’(s-x) - sinl x =& . (Iv-10)
Therefore, equation (IV-7) may be rewritten as
p(s) = = Lxe = ax . (1v-11)

1 (1-x2) [1-(s-x)?)

This equation is applicable for the range of s
0<sg<l+a where a=cos A . (Iv-12)

For the range

1+a<s<v2(l +a)

24



the line corresponding to
X+y=¢8

cuts partly through the ellipse and partly through the shaded region of the two corners.
Since the integrands are doubled in two of the three segments of the line, the integral

of (IV-T) is better expressed in three parts:

p(s) = .2;(_ [2/1? +fx2 + zfl] . (Iv-13)

X1 X2
The two roots x; and x, of equation (IV-10) are identical when

s =v2(1 +a) = s, (Iv-14)

which corresponds to the case when the line x + y = 5 1s just tangent to the ellipse

of Fig. 24. Therefore, in the range
V2(l+a)<cs <2 (1v-15)

the required p.d.f. is

1
p(s) = L. 2f 1 ax . (IV-16)
e-1 V(1-x2) [1-(s-x)2)

The Integrals in (IV-ll), (IV-l3) and (IV-16) are all reducible to the elliptic
integrals of the first kind. See, for example, p. 71 of Peirce, "A Short Table of

Integrals." The resulting expressions are summarized on the next page:

25



() 0<s<l+a (a = cos A)

= -—]-—- -
p(s) ™ (Fla, ¢,) - Fla, ¢p)]

vhere F is the elliptic integral of the first kind,

a = sin~lk, k=v(1+ %)(1 - %)
¢l = sin'lb, ¢2 = sin’lb2 (Iv-17)
2 1-xy 2 1=,
bl-*/<2_-s-)<s+l-xl)’ bes‘/<2—-;><s+l-xg>
oslirfr- a2 - L
5 [1 +. /(1 a»)(B2 = a)]
X2
(2) L+a<s<v2(l +a)
I '
p(s) = E[F(a: #,) + 3F(a, 92)] (1v-18)
where the symbols are the same as in (1)
(3) 2(1+a)<s<?2
1
p(s) = = K(a) (Iv-19)

vhere K is the complete elliptic integral of the first kind.

The graphs of p(s) are plotted in Fig. 25 for 3 values of a(= cos A). The
corresponding outlines of Wo(x, y) are shown in Fig. 26. The values of spgy are given
by equation (IV-14). It is seen that for a = 1, i.e., A = 0, x and y are entirely
dependent and y = x with probability one. Therefore, s = 2x, and p(s) is similar to
Py (x) except for a scale factor of 2. For a = -1, i.e., & = %, x and y are statis-

tically independent, and the resultant p(s) is identical to case 4 of section I.
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Fig. 25. P.D.F. of the Sum of Two Dependent Sinusoidal Variates.
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Product

Now we proceed to derive in s similar manner the p.d.f. of the product p(z), where
z = xy and Wo(x, y) is given by equation (IV-6). Referring again to Fig. 24 the
elliptical outline for Wp(x, y) remains the same. However, the lines which correspond

to0 the constant product are the hyperbolic segments

Xy = 2 (IV-].8)

-1

contained within the square of xy plane. It can be shown that the general expression
of the p.d.f. of z is
1 sin~1(Z) - sin”
-l sin-1x [ X
p(z) = fz nct( - >rect

= H]mlﬂ—a“

(1v-19)

Here, as before, the value of the function
rect ( -’-1—‘;.-1-5> =1

within the range z < x < 1. However, the function

1n"1(Z) - stn”
nct[' (;) 'nl‘]-l

s



within the range z < X; < X < X5 < 1 where x; and x, are the roots of the equation

sin-l % -ginl x = A (Iv-20)

Therefore, equation (IV-19) is reduced to

p(z) = = fx2 1 ax . (1v-21)
N i VE -2
This integral is again reducible to the elliptic integral of the first kind. The
results are summarized below:
(1) 0<z<a (= cos &)
p(z) = &L (F(a, ¢,) - Fla, ¢)]

where F is the elliptic integral of the first kind,

a = sin-lk, k a vV1-22
¢ = sin'lbl, go = si.n"lb2
(Iv-22)
b ‘\/l-xle b «/l-xe2
l R e—— » 2 =
@ V1-22
2
X
1 1+2ez-02 31 /)1.22)1 - a2+ bz (a-2)]
2 2 2
X2
(2) a<z« ;__;-__a._
p(z) = = [() - F(a, §)) + F(a, §,)] (1v-23)
where K is the complete elliptic integral of the first
kind and other symbols are the same as in (1).
(3) LT*+&<cz<1
2 2 x@) (Iv-2k4)
= £ K(Qa
p(z) ~
() -1<z<2=2
2 (Iv-25)

p(z) =0

(s) -i‘-;—l <z2<0 (1v-26)
p(z) = & (F(a, ) - Fa, §))]

30



The graphs of p(z) are plotted in Fig. 27 for 3 values of a{= cos A). Again the
cases & = 1 and & = -1 correspond to the complete dependence and independence of the

variables x and y.

Fig. 27. P. D. F. of the Product of Two Dependent Sinusoidal Variates.
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